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Abstract 

We derive the fermion bilinear terms in the world volume action for a D2> brane 
in the presence of background flux. In six-dimensional compactifications non- 
perturbative corrections to the superpotential can arise from an Euclidean D3- 
brane instanton wrapping a divisor in the internal space. The bilinear terms give 
rise to fermion masses and are important in determining these corrections. We 
find that the three-form flux generically breaks a C/(l) subgroup of the structure 
group of the normal bundle of the divisor. In an example of compactification on 
T^/Z2, six of the sixteen zero modes originally present are lifted by the flux. 
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1 Introduction 


Flux compactifications have attracted considerable attention recently. They are of 
interest from the point of view of string cosmology, phenomenology, and the general 
study of string theory vacua with A/” < 1 supersymmetry. 

Much more needs to be done to understand these compactihcations better. In 
particular it should be possible to understand the full superpotential, including non- 
perturbative corrections, for these compactihcations in greater depth. The superpoten¬ 
tial has already proved amazingly useful in the study of supersymmetric string theories 
and held theories. And we can hope that its study for hux compactihcations will prove 
similarly rewarding. 

An immediate motivation for our work is to understand KKLT [1] type compact¬ 
ihcations better. These compactihcations were hrst formulated in the context of IIB 
string theory of Calabi-Yau orientifolds or related F-theory compactihcations. Here the 
non-perturbative corrections to the superpotential play a vital role in stabilising the 
Kahler moduli [2]. 

The study of non-perturbative corrections to the superpotential -in the closely re¬ 
lated context of M-theory on a Calabi Yau fourfold - was pioneered by Witten [3]. He 
showed that non-perturbative corrections due to Euclidean 5-branes wrapping divisors 
in the four-fold could arise if the divisor satished a particular topological criterion, 
namely its arithmetic genus was unity. In Witten’s analysis it was assumed that a 
particular U{1) symmetry, which is a subgroup of the structure group of the normal 
bundle to the divisor, was unbroken. The arithmetic genus is an index which counts 
the number of zero modes after grading by this symmetry. More recently, in [4], a class 
of non-perturbative corrections were studied in a IIB compactihcation on K3 x T^/Z 2 , 
This is related to M theory on K3 x K3. Evidence was found that in the presence of 
flux the U{1) symmetry mentioned above is broken. And it was argued that as a result 
non-perturbative corrections could arise even in situations where the arithmetic genus 
in not unity. 

In this paper we consider a Euclidean D3 brane wrapping a 4-cycle in a non-trivial 
background including flux. Using the method of gauge completion we calculate all 
the terms in the action of the D3 brane which are bilinear in fermions. These terms 
explicitly show that the U{1) symmetry of rotations normal to the 4-cycle is indeed 
broken in the presence of flux. As a result the zero mode counting will be altered in 
general and modes with the same U{1) charge can pair up and get heavy. In a particular 
example of IIB on an jZ 2 orientifold we examine the resulting fermion zero modes. 
A non-perturbative correction to the superpotential requires two zero modes. Ignoring 
flux, there are sixteen zero modes. Including flux, we hnd for a large class of divisors 
that six of the sixteen zero modes are lifted. Although this still leaves ten zero modes, 
which is too many for a correction to be possible, the example illustrates the “efficacy” 
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of flux in lifting zero-modes. 

This paper is only a first step towards a more complete understanding. One would 
like to use the results obtained here to understand the number of zero modes which 
arise more generally. And when the zero mode counting allows for a correction to the 
superpotential, calculate these corrections. These are interesting questions which we 
leave for the future. 

We should also comment on some of the other relevant literature here. We use 
the method of gauge completion to determine the world volume theory for the D3 
branes. This method is clearly discussed in the paper by [5,6]. Our analysis very closely 
parallels the work by Grana [7]. The only difference is that we are interested in the more 
general situation where the D3 brane is not necessarily transverse to the compactifled 
directions. Our results are in agreement after T-duality with those obtained for the 
DO brane by [8]. This is a usefnl check on our work. The fermion bilinear terms for a 
Dp brane in a general backgronnd have in fact been obtained earlier in the signihcant 
papers by Marolf, Martucci and Silva, [10,11]. Our results can be obtained as a gange 
hxed version of their’s for the D3-brane case and agree. This constitues an important 
check on onr results and methods. Finally, while we were working on this project, 
the paper by Kallosh and Sorokin [9] appeared which determined the fermion bilinear 
terms for an M 5-brane. Using duality this can be related to the action we calcnlate 
here. After identifying the relevant gange conditions etc we have fonnd substantial 
agreement 

This paper is planned as follows. The method of gange completion, which we use to 
deduce the fermion bilinear terms, is first briefly explained in section 2. Following that 
we illustrate its use for some examples and then present the main results determining 
the snperhelds in IIB theory in terms of the component supergravity helds upto the 
required order. In section 3 we discuss the resulting D3 brane action. Our results are 
checked against those for a DO brane using T-dnality in section 4, we also comment on 
the agreement with other resnlsts in the literatnre. In section 5 we discuss an example 
of a compactihcation on a jZ^ orientifold and calculate the resulting zero modes for 
a class of divisors. Last, but not least, are the six appendices which contain some of 
the important detailed calculations of the paper. 


2 Gauge Completion 

The approach we will follow for constrncting the world volnme action of the D3 brane 
is straightforward. Given a IIB background in snperspace the D3-brane action can be 
constructed by appropriately pulling back the background helds on to the brane world 
volume, as is explained in [12-16]. This action has the required supersymmetry and 

^We thank R. Kallosh and D. Sorokin for discussions in this regard. 
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is also K symmetric, for on-shell backgrounds. We are interested here in the D3-brane 
action in terms of the standard component helds of IIB supergravity. So we will first 
express the superfields of IIB theory in terms of the component supergravity fields 
by a process called “gauge completion”. Once this is done we use the construction 
mentioned above in terms of the superfields to obtain the required action. 

The method of gauge completion is discussed in [5]. It was applied to the superme¬ 
mbrane in [6]. Our work will closely parallel the paper of Grana who used an identical 
strategy. The only difference is that [7] was interested in the case where the D3 brane 
is transverse to the compactihed directions. We will be interested in obtaining the 
more general answer. Our primary interest is in applying these results to the case of a 
Euclidean D3 brane which wraps a four cycle in the internal directions. In this section 
and the next two, where we construct the world volume action and compare our results 
with those obtained in the DO brane case respectively, we will work in Minkowski space. 
The required transformations to go to Euclidean space will be discussed in section §5 
before we apply our results in an explicit example. 

The idea behind gauge completion is to expand the superhelds in terms of the 
fermionic coordinates, 6, and express each term in the expansion in terms of the 
component helds of supergravity. By the component helds here we mean the helds 
which appear in the usual discussion of IIB supergravity, for example. Chapter 13, [17] 
and, [18]. For an on-shell background these satisfy the equations of motion of the IIB 
theory. To lowest order in the 6 expansion of the superhelds the component super¬ 
gravity helds which appear are known. To go to higher orders one follows an iterative 
procedure. The idea is that superhelds must transform as appropriate tensors under 
general bosonic and fermionic coordinate transformations in superspace. In particular 
this included supersymmetry transformations which are translations in the fermionic 
coordinates. Since the supersymmetry transformations for the component supergravity 
helds are known this allows us to express the higher order terms in the 6 expansion in 
terms of the lower order ones. Obtaining an answer to all orders for a general back¬ 
ground in this way is computationally quite non-trivial. Luckily, since we are only 
interested in terms which are bilinear in the fermions here, it will suffice to carry out 
this expansion upto second order in 6 at most. 

In this section we will hrst illustrate this procedure for the dilaton superheld, 0 
and the NS-NS two-form superheld, Bmn and then present the results for the other 
superhelds towards the end. The calculations are somewhat cumbersome and several 
details are presented in the Appendix. 

Let us begin by explaining our notation. We denote superspace coordinates by 
which stand for the bosonic and fermionic components respectively. 
The indices {M, N,- ■ ■} = {m, n, • • •, /x, z/, • • denote curved (super) coordinates where 
(m, n) denote Bosonic indices and (p., u) fermionic indices. Tangent space indices are 
given by = {a,b, ■ ■ ■ ,a, P, ■ ■ ■}, with (a, 6) denoting bosonic and {a,P) 
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fermionic indices. We will use real 16 component Majorana-Weyl spinors, our conven¬ 
tions for the Gamma matrices are summarised in Appendix A. The spinor indices a,j3 
should be viewed as composite indices standing for the tensor product of a Majorana- 
Weyl index and an additional SO{2) index. 

Our notation for the superhelds is as follows. A generic superfield is represented 
by Fmn- (with a over the held). The dilaton superheld, whose lowest component 
is the dilaton, 0, is denoted by 0, the vierbein superheld by and similarly for 
Bmn,C,Cmn,Cmnpq which denote the superhelds containing the NS-NS two form, 
and the RR zero, two and four forms respectively. 

Our conventions in superspace are the same as those in [19]. Derivatives with respect 
to 9 are left derivative. Superspace diherentials satisfy the property that dZ^ A dZ^ = 
A dZ^, where MN = -|-1 when both M,N are fermionic, and zero 
otherwise. A diherential two-form for example is given in terms of components by 
B = dZ^dZ^B mn, and so on. 

Under a superspace diheomorphism Z^ Z^ + S^(Z), the dilaton superheld 0 
is a scalar and transforms as 


<50 = ( 1 ) 

The helds and Bmn transform as a vector and a two-index tensor respectively, 

(5e^ = + dni'S^ep 

SBmn = Zj^dpBMN + Bpf^ — {—Vj^^dN'Z^BpM^ ( 2 ) 

, and similarly for the RR superhelds C,Cmn,Cmnpq- We denote the action of a 
(super) local Lorentz transformation on the vierbein as, 

5eij = A^bGm- (3) 


There are additional gauge symmetries under which the the NS-NS two- form and 
the RR helds transform, these are superspace generalisations of the familiar gauge 
symmetries that act on the component supergravity helds. For example there is a 
gauge symmetry under which the Bmn transforms as, 

SBmn = , (4) 


while the other helds are invariant. Similarly, there are gauge symmetries under which 


Cmn and Cmnpq transform with gauge transformation parameters and ZAj^j^p 
respectively. 

To zeroth order in 9 we have the following identihcation of the superhelds in terms 
of the component helds. 


Ac) 
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c = c 

= 'll) ^ 

Yrn 

= 5 ^ 
r ^ 

Bmn ByyiYi 

c — c 

'-'mn ^ran 

c — c 

^mnpq '^mnpq ? 


( 5 ) 


and all other fields are zero. 

2.1 The Dilaton Superfield to O{0^) 

We are now ready to illustrate how the procedure of gauge completion works. We will 
first examine the dilaton superfield 0. Consider a super-diffeomorphism which to lowest 
order in 6 has components, 

= 0, E" = e". (6) 

From Eq.(l) we see that, to 0{6^), (f) transforms under this super-diffeomorphism as 

5(j) = e“(9Q0 . (7) 

Now since the lowest component of (f) is the dilaton, 0, we also know from the su¬ 
persymmetry transformations of IIB supergravity fields (Appendix A.l) that to this 
order, 

54> = 5(j) = e\ . (8) 

Equating these two expressions tells us that to 0(6*^), 0 is given by 

4> = (j) + 9\ . (9) 

The components of super diffeomorphism we started with, Eq.(6), are corrected 
at 0{6^). We need to calculate these corrections as the first step in obtaining the 
0{6‘^) terms in 0. This can be done by relating the commutator of two supersymmetry 
transformations to translations. 

Given two supersymmetry transformations with parameters e^,e^ it is straightfor¬ 
ward to see that the dilaton transforms under their commutator by a translation, 

( 5 i 52 - S2Sl)<P = CdmCf> , ( 10 ) 

where the translation parameter is given by 

= e2r™ei . (11) 
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On the other hand, from Eq.(l) we see that the dilaton superfield under the commutator 
must transform as, 

{5i52 - S 2 SS = . ( 12 ) 

Requiring Eq.(12) to agree with Eq.(ll) upto 0{9^) allows us to obtain the 0{9^) 
corrections to the super diffeomorphism, Eq.(6). 

We are interested in this paper in backgrounds where only bosonic supergravity 
helds acquire expectation values and not the fermionic helds and A. With this in 
mind, from now on we will set terms depending on fermionic background helds to zero 
in the appropriate equations. To 0{9^) one then Ends that the components of the 
superdiffeomorphism are given by 

S™ = ^9T^€, S“ = e“. (13) 

Actually, the general solution for involves certain undetermined 9 independent 
tensors. However, as explained elaborately in [6], by a redefinition of the superspace 
coordinates we can set them to zero resulting in Eq.(13). 

The 0{9^) terms in the dilaton superheld, 0 can now be obtained by matching 
Eq.(l) with 

(50 = (50 + 96X . (14) 

Using the expression for SX as given in the Appendix A.l, we find 

0 = 0 + 0A - ^9T^^Pa^9Hrnnp - \e^9T^itayFm - . (15) 

2.2 Bmn to 0{6‘^^ 

We now turn to the NS-NS two-form superheld Bmn- The only new twist here is that 
we will need to include a suitable gauge transformation, Eq.(4), with the coordinate 
transformation, Eq.(13), to determine the 9 expansion in this case. 

To understand this let us first calculate the commutator of two supersymmetry 
transformations, with parameters, e^,e^ on the component supergravity held Bmn- Us¬ 
ing the susy transformation rules given in the Appendix A.l, 

5\52Bmn <^2^ ^ j (16) 


we hnd that 

((5i(52 — (52(5l)Rrnn 


('9m(e20'^r„ei) — dn(e2cr^rmei)'j + e2rPeiH,^ 


mnp 
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- dn^Bpm + . ( 17 ) 


The second line on the r.h.s. is the transformation of Bmn under a combined translation 
by and a gauge transformation with parameter finds that this equation 

can be met if is given by Eq.(ll), and the gauge transformation parameter is, 

= CBmn - e 2 a^Trnei . (18) 

In terms of superfields this tells us that the super-diffeomorphism, Eq.(13), should 
be accompanied by a gauge transformation. We denote the gauge transformation pa¬ 
rameter in superspace by below. The combined transformation can then be written 
as, 

SBmn = dpBMN+dM'^^Bpfq — {—l)^^B pm+Qm'^^n . (19) 

The commutator of two transformations in superspace can now be calculated. We 
get that 

(5p52 - 625,)Bmn = + ■ ■ ■ • (20) 

The ellipses on the rhs denote extra terms which arise due to a coordinate transfor¬ 
mation with parameters, Eq.(13). above denotes a gauge transformation, it’s 

components turn out to be, 

= {r.^dpT}^'^ + dM^2^T) -( 1 ^ 2 ) . ( 21 ) 

To leading order in 9, Bm/i and B^i^ both vanish and the only non-zero component 
of Bmn is Bjnn- Comparing Eq.(21) and Eq.(18) and using Eq.(13) for the components 
of we then End that upto 0{9), 

= ^9{r^B^^-a^r^)e . ( 22 ) 

And SW = 0. 

We are now ready to evaluate Bmn to higher orders in 6. From the susy transfor¬ 
mation, Appendix A.l, for the supergravity held Bmn it follows that upto 0{9^) 

Bmn = Bmn + da^Tmi^n “ da^Tni^m ■ (23) 

To evaluate Bmin note that 

SBmiM = €^°‘daBmij. + X 

8 


( 24 ) 



Since vanishes at zeroth order in 6 ^, the above variation should be zero, which gives 


B 


m/i — 



(25) 


Similarly one can show that must vanish upto 0{6^). 

To hnd the second order results for Bmn, we consider the variation of Bmn, Eq-(19), 
upto to hrst order in 6. Using the results for the superdiffeomorphism, Eq.(13), and 
gauge transformation, Eq.(22), this is given by 


6B^n = e^dAn + \0T^eH, 


mnp 


1 


+ {Tmdne - T^dme) - -Oa^TaS 


(26) 


On the other hand this has to be equated with the variation of Eq.(23) leading to 
~ T 9(7 (Yjn6'lpn 

= ea^ {Trai^n “ ^ni^ra) + Oa^ {Tmdne - T^^^e) - ]^ea^Tae {dmen - dnem) 

+ -Scj^ £ - -e*e<j7„nr(F<’ + -»V'’£ff„„p 

- h - r„ e - + 6nF;„p) e 

- + 20r>'«-q.„p,,) £, (27) 


where on the rhs we have used the susy transformations for Bmn £^iid the gravitino from 
Appendix A.l. Eq.(26), (27) finally give us the expansion to second order in 6 *, 


Brn/n. 


Bmn A hriV^m) 






(28) 


As was mentioned in the discussion of the previous subsection we are interested in 
backgrounds for which the fermions ipm and A are zero. Also, when we construct the 
world volume action it will be convenient to work in static gauge and £x the ^-symmetry 
by choosing the space time spinors 9i, 6*2 to be 


= 0 , 02 = 0 . 


(29) 
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With this choice the expression for Bmn becomes 


Brnr). 




16 


0 {TJ>mnpq - 0 . (30) 


It will be enough for our purposes of determining the fermion bilinear terms below 
to determine the other components Bmp, to 0{9^) which was already done above. 

2.3 Final Results 


One can follow through similar steps to obtain the expansions for other superheld. We 
have summarised the results below, detail calculations are performed in the Appendix. 

As was mentioned above, we have set the fermionic backgrounds to zero. Also 
we work with the choice of spinors in Eq.(29). The components of the superhelds to 
required order in the 9 expansion are then given by: 


C = 


= 

el = 


Bmp 

Bm.n. 


Cmp — 


a 


^iranp 


C 


mnpq 


4> - 


2 ^ ^ 
„ 1 


cdf 


g^m ©r erf© 

-5 

Bmn ~ o® 




ab. 


^nab 


ab 


{9a^Tm) - (9a^rm) 


^mab ) 0 - -0 {Tm^'^Hnpg 


Y Pin i B 

n ^^mpqj ^ 


c — c 

^ m.n ^ T) 


-C '0 (r. 


- Tn^^Umab) © + -QTmnpQPP 


—C0 fr - r 10—3_0fr Pip' -FP'jp' )0 

^^npq -^-^mpqj ^ m ^ npq n ^ mpqj ^ 


_ 0 fr pqrstpi -u ^0 

r I ^n- pqrst ' i mnpqr J ^ 


16-5! 

( 9 {ia‘^)Tmnp)^ ^ { 9 (y^C[mn^p^ 

3-„ _ 3- 


— Cmnpq ~ —QC[mn^p'^'^^q]abQ ~ T0C[mnrp^*i?q]st0 + 0 ( TxT 


1 3 , 

'^^[mnpFq] + [mn 


stu 77/ 


^ linn- p --qjSL-' < — ^^g^mnpQ stu 

^ P stuv jp! _ TP' ^ ft '1 

J- [mnp q]stuv 3 I™' ^npq]st j ^ 


96 


Here, = dB. And Tl„p, Fmnpqrs: refer to the components of the three form, dC 2 — 
CqH^, and the hve form, dC^ — (72 A i^s, respectively. Eq.(31) is one of the main results 
of our paper. 
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3 World Volume Action 


3.1 The Action 


The action for the D3 brane is given by [12-16] 

S = -^sj + A C . (32) 

It is obtained by pulling back the superhelds from spacetime to the D3 brane world 
volume. For on-shell background helds the action is ^-symmetric. In Eq.(32) = 

0, • ■ ■ 3 are the world volume coordinate. We also denote C = ®nCn- 

It will be useful in the discussion below to distinguish between the pullback of the 
superheld and pullback of the component bosonic supergravity helds. The pullback of 
a superheld is by dehnition obtained by pulling back the superspace tensor onto the 
worldvolume. For example, the pullback of Bmn is, 

% = d-Z^d-Z^BMN , (33) 

where Z^ = are the spacetime superspace coordinates. This is what appears 

in Eq.(32). In contrast we dehne the pullback of the component supergravity held from 
the ordinary (Bosonic) target space to the worldvolume. So, 


B^ = d-x^d-x^B^^ . (34) 

To distinguish between the two we will use boldface indices in the case of the superheld, 
as in Eq.(32), (33) above. 

It will also be useful to distinguish between the lowest order term and the higher 
order contributions in the 6 expansion for any superheld. the latter will be denoted by 
an additional prime. For example, we can write for the dilaton superheld, 

^ = (p + (p' (35) 


where from Eq.(31), (j)' = ■ 

Using the expressions for the super vierbeins from Eq.(31), it then follows that the 
metric = ere-^rjab to second order in 0 is. 


m = 3 




+ 


(d-x' 




+ djX' 


^d-x^) 


b I'd 

e"e 


Vab + 20r‘ 


{n-Qd-x^ + D-Qdjx^) elr]ab • 


(36) 

A similar straightforward analysis shows that the pull back of the NS and RR superhelds 
become 


Btt 


= By + +1 (eriDjS - erjDjS) 
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C'ii = Cjj + + ic (ersa^e - er.Sje) 

%i = Cyu + &ix'"dp’'aix’’d,x‘‘c:„,„ + 4 !a|ie'‘ajx“Ssx'’ai,x«c„„„, (37) 

Using these expressions we can compute the world volume action. The DBI action 
becomes 

Sdb, = -as / {(^ + “ -^t) (1 + j5er””''e//,„„p) 

+ (F- B)f) {eViD'e - + ■ • - j . (38) 

Here we have followed a slightly condensed notation. In our notation above, i,j,k 
denote world volume indices, whereas m,n,p denote spacetime (bosonic) indices. Now, 
(9*0 = g^^djQ, etc. The ellipses on the right hand side above indicate 
additional terms that can be obtained by expanding the square root in Eq.(32) to higher 
order. In addition of course extra terms would arise if we carried out the 6 expansion 
of the superhelds to higher order as well. 

Similarly the Wess-Zumino action is 

Swz ^ I el''-®' A c - ias /(i" - S) A (F - s)er’"“>>eF;„^ 

+ ^as j_ B),,e 

+ 2')r”’'q,„9} 0 + / <iX\/ctebee“ + ieryseFf 

+ ^ersf ofa^ - iers"eFAf„) , (39) 

Equations, (38) and (39), are important for the the following discussion. We will see 
in the next section that the action above agrees with other established results in the 
literature. 

3.2 Some Comments 

Two comments are now in order. 

One of the main motivations for this project is to understanding non-perturbative 
corrections to the superpotential which can arise in flux compactihcations. In this 
context we are interested in IIB string theory compactihed down to (actually for 
the non-perturbative corrections we are interested in the Euclidean situation as 
discussed in the next section). One class of non-perturbative effects, which is our main 
focus here, arise due to to Euclidean D3 branes that wrap a holomorphic 4-cycle, i.e. 
a divisor, in the internal 6-dimensional space. 
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Under a duality map to M-theory this lifts to a Euclidean 5-brane instanton wrap¬ 
ping a divisor of the Calabi-Yau four-fold. The resulting superpotential was discussed 
in the seminal paper of Witten [3]. An U{1) symmetry played an important role in this 
analysis. This symmetry is a subgroup of the structure group of the normal bundle and 
corresponds to rotations in the plane of the two compact directions orthogonal to the 
divisor. An index was formulated by counting the fermionic zero modes after grading 
them by their charge under this symmetry. This index turned out to be proportional 
to the arithmetic genus of the divisor and it was argued that a correction could only 
arise if the arithmetic genus was unity. 

In the IIB description we are using here the U{1) the divisor is 2 complex dimen¬ 
sional and the compactihed space is 6-dimensional. This means, roughly speaking, that 
two compact directions are normal to the divisor and the U{1) symmetry is rotations 
in the plane formed by these two directions. We will now see that the presence of 
three-form flux can lead to this U{1) symmetry being broken in the D3-brane world 
volume theory. As a result, zero modes with the same U{1) charge can pair up and get 
heavy. In this way, a correction to the superpotential can arise even though the index 
condition mentioned above is not met. 

The essential point is simply that if the three form flux has two legs along the 
4-cycle and one perpendicular to it then it will break the U{1) symmetry mentioned 
above. Since the fluxes enter in various bilinear fermion couplings in Eqs.(38) and (39), 
the mass terms for the fermions will in general violate this symmetry. To illustrate 
this concretely let us consider the situation where F — B in the world-volume theory 
vanishes. Then the fermion three-form flux dependent mass terms for a D3 brane 
wrapping a 4-cycle take the form, 

Smo.. = I rf-?ysbe e( 4 o) 

(we have used the fact that the flux preserves Poincare invariance in to set some 
terms to zero). We remind the reader that in our notation, indices, are along 

the worldvolume, and m,n,p take 0, • ■ - 9 values in spacetime. Now, in general, it is 
easy to see that if H, F' have two legs along the brane and one along the normal then 
each of the terms appearing above breaks the U{1) symmetry. Also, the sum of these 
terms does not vanish for on-shell backgrounds, even those which meet the conditions 
of supersymmetry. Thus, as was mentioned above the mass terms will in general break 
the U{1) symmetry allowing in particular two fermions with same sign charges to pair 
up and get heavy. 

Second, let us now consider the special case of a Dd-brane which is along and 
transverse to the internal directions. We also take the background helds to preserve 
the Poincare symmetry of R^’^. In addition, we take the space time metric to be of the 
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form gio = ® g^. The DBI term is then given by, 

Sdbi = -HId^Ce-*^/d^9 { (i + (i + ^er””»’ei/„„p) 

+l (si" + iF- B)i‘) er^a-e + ■ ■ j , (4i) 

The spin connection dependent term vanishes in the above equation for the a general 
warped metric. The Wess-Zumino term is given by 

SwB = 931 c,- ^93/(F -B)A(F- B)er’"“»eF;„p 
+ ^931dX^jiF\F - B)ye [vii.F” - ^ 

+ 2or«-'fi„,) } e + ^93 j d‘cdi^€«“eryi:/«’'eF;^ . (42) 

The full action is the sum of these two terms. This result is of interest from the point 
of view of calculating the soft terms that can arise after turning on fluxes [20-27]. It 
agrees (upto some minor discrepancy in the numerical factors) with Ref. [7]. 

Ignoring terms dependent on [F — B), the 0(0^) part of the action becomes 

^(0') = g / d\e-'^3/^gQT^^PQRei*G - iG)mnp , (43) 

where G = F' — ie~'^H. We see that for imaginary self dual flux, the above term 
vanishes. This is to be expected from the analysis of [28]. 

4 T-duality And Comparison With Other Results 

As a simple check of our results, we can take the type IIA action for DO brane and 
perform three T-dualities to obtain the action for D3 brane. The DO brane action to 
order 0^, in the Einstein frame, is given by [ 8 ] 

S = —flQ J dre 4^ — —<I>|e 2 + ■ ■ \J— {gmn + ‘^^maEn\<d‘^ + ■ ■ ■) 

+ J dr {Gm + + ■ ■ ■) (44) 

where the dots indicate terms of higher order in 0. The order 0^ part of the IIA 
superhelds are given by 

$|e 2 = ^e--^^QT^^PQGmnp 
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K\e^ = ;e 7 “‘'eu.„fc 

o 

+ (ejm^PeH\p + Ser^POH^r^p - (45) 

Using the above formulae, we write the action in terms component helds. Also, before 
performing T-duality, we make the following held redehnitions [7] to change the action 
in to sting frame. 

gmn{E) = e~^'^gmn{S) , ’ ®(^) ^ e“8'^0(S) . (46) 

With this, the DBI action becomes 

SdBI = -Ho I dre-*^^ (^1 + gS - l'r"’‘H,nnp] e + ■ ■ ■) 

(47) 

and the Wess-Zumino part 

Swz = HO I dr {c„ - ^ (e7„"-“eF„„ + ie7’”"’’eF7„,) + ■ ■ j (48) 

Now we perform three T-dualities along {x,y,z}. Let us denote these directions 
by m, h, • ■ ■ and the remaining directions by p,q,- ■ ■■ For simplicity, we consider the 
following special case. We assume gmp = 5ng = B^fh = 0 and we take the metric along 
the directions x, y, z to be diagonal. Also we set the spin connection to zero. Using the 
T-duality rules as given in the Appendix A.5, it is then straightforward to see that the 
quadratic part of the action (47) is identical to our result 

^DB/(0") = -ys I dXe-^^^g (49) 

We can now turn to the quadratic part of the Wess-Zumino action. After performing 
the duality, we hnd 

- ^ (s7o’""eF™„ + ie7"-“>’eFi„„„) 

= e {^7 o"F.v-« + I {do/Fypp + 7„/F„„ + 7o/F,,.p) - ^7«’'Fi,,.,j, 

+ g {ixyzFo ~ 'JOxyFz — 'JOyzFx — 'JOzxFy) — — {ix^^F^y^p^ -f- '1/y^^F^^^p^ 

+ 74«F'^jj)-g(77F7 + 7,/F:„j + 7./F'„j)}e (50) 

which coincides with the quadratic action 

Swz = Ho j (iT^074r + ^erg^eF; 
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( 51 ) 


+ J_0r..P0F-_ - ^ 

32 16-3! * FipqJ 

We have chosen the gauge, Eq.(29), in constructing the D3 brane action. Agreement 
with the DO brane action shows that this agrees with the gauge choice, = —0 in 
the IIA case. This point was already noted in [7]. 

As was mentioned in the introduction the action for branes upto quadratic order in 
fermions in the presence of an arbitary on-shell background has already been derived 
by Marolf, Martucci and Silva [10], [11]. These authors used the method of “normal 
coordinate expansion” together with T-duality which is different from the method of 
gauge completion used here. As we discuss below our results completely agree. This 
constitutes a significant check of our results and methods. 

The quadratic fermion terms in the action for a Dp brane are given in eq.(30) of [11]. 
We are interested in the case p = 3 here, is dehned in eq.(28) and Lp in eq.(29) 
of [ 11 ], with T'^ = —(73 in our notation. Also, and A are dehned in eq.(84), ( 86 ) 
of [11]. y in eq.(30) of [11] stands for the 32 component spinor that we call 6 *, with yi, y 2 
corresponding to 6 ^ 1 , 6^2 respectively . Let us for simplicity now set the world volume 
magnetic held to zero. In the gauge y 2 = 0, it is then easy to see that eq.(30) of [11] 
agrees completely with the fermion bilinear terms obtained above, eq.(38), eq.(39), 
after identifying yi with 0 and the RR held strengths with each other upto a sign. 

Finally, the world volume action of M5 brane in presence of background hux has 
been constructed by Kallosh and Sorokin [9]. After a duality map this can be related 
to the D3 brane action computed here. We have compared with the fermion bilinear 
terms presented in eq.(22) of [9] and hnd substantial agrement 


5 An Example 

5.1 Euclidean Continuation 

The discussion above was for a D3 brane in Minkowski space with signature (9,1). Our 
main interest here is in instanton corrections to the superpotential and for this purpose 
we are really interested in Euclidean space with signature (10, 0). We will not consider 
time dependent backgrounds here and continuing the bosonic helds which appear in 
the world volume theory Eqs.(38) and (39), to Euclidean space is straightforward. The 
world volume theory also contains a 16 component Majorana Weyl fermion, 0. This 
is continued to a 16 component complex Weyl fermion in Euclidean space Fermion 
bilinear terms of the form: 

S = j d^e0^r°M0, (52) 

^We are greatful to R. Kallosh and D. Sorokin for help in this regards. 

^Note that there are no Majorana Weyl representations of S'O(IO). 
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are continued to Euclidean space by replacing 0 above by the Weyl fermion. The path 
integral of the world-volume theory is then carried out over 0 alone. In particular 0l 
does not appear in the path integral as an independent degree of freedom. In this way 
no further doubling of the fermionic degrees is introduced for the purposes of evaluating 
the path integral [29]. It is also worth emphasising that on analytic continuation to 
Euclidean space the WZ term eq.(42) picks up a factor of i in front from the continuation 
of the symbol 

5.2 The Example 

Now let us consider a specific example that will illustrate the role that fluxes can 
play in changing the count of zero modes. We consider a jZ 2 compactification with 
flux [30,31]. The six coordinates of torus are taken to be, x\y\i = l,---3, with 
0 < x^,y^ < 1. The Z 2 orientifold symmetry involves a reflection in all six directions, 
{x\ y^) —> —{x\ y^),i = 1, • ■ ■ 3. Holomorphic coordinates are, Z^ = x^ + Tijy^, where Tij 
determine the complex structure of the torus. The tree-level superpotential takes the 
form, [28,32], 

Wtree = |(F - A fig (53) 

where <h = C* -f- ie~‘^ is the axion-dilaton, and his is the holomorphic three-form which 
in this case takes the form, his = dZ^ A dZ‘^ A dZ^. 

We focus on one specihc choice of flux: F and H: 

F = dx^ A dx"^ A dx^ -|- dy^ A dy^ A dy^ 

H = dx^ A dx"^ A dx^ — 2dy^ A dy^ A dy^ — dx^ A dx^ A dy^ — dx^ A dx^ A dy^ 

— dx^ A dx"^ A dy^ + dy^ A dy^ A dx^ + dy^ A dy^ A dx"^ -|- dy^ A dy^ A dx^ (54) 

This example was analysed in [30] and it was shown that as a result of the superpoten¬ 
tial, Eq.(53), all the complex structure moduli of the torus as well as the axion-dilaton 
are stabilized with a value 

C + ie~‘^ = e~ , Tij = 6ije~. (55) 

The supersymmetry is broken to A/” = 1 in the resulting vacuum. 

We are interested in possible non-perturbative corrections to the superpotential 
that can arise in this M = 1 theory. Such corrections could arise due to Euclidean 
D3 branes wrapping divisor in jZ 2 . A correction to the superpotential requires two 
fermionic zero modes, no more or less, in the world volume theory of the Euclidean D3 
brane. Without flux there are 16 fermionic zero modes. This is too many (the sixteen 

^This point was not correctly taken into account in earlier versions of the paper. We thank E. 
Bergshoeff, R. Kallosh, A. Kashani-Poor, D. Sorokin and A. Tomasiello for pointing this out to us. 
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zero modes follow from the A/” = 4 supersymmetry, present without flux, which also 
precludes a correction to the superpotential). With flux we will see below that ten 
zero modes survive. This is fewer in number, but still too many for a non-perturbative 
contribution to the superpotential. 

A general divisor takes the form, riiZ^ = c, where Ui are integers and c is a constant. 
We hrst examine the divisor = c below. In this case the D3 wraps the , 

directions with x^,y^, held constant. For now we also exclude the special values, c = 
0, l/2b 1/2,1/2 + l/2i. At these special values the Z 2 orientifold symmetry relates 
points on the divisor to each other. This complicates the analysis somewhat. Towards 
the end of the section we will consider the more general divisor. Using the symmetries 
of the problem we will hnd that the analysis can be mapped to the case when Z^ = c, 
thus resulting in the same number of zero modes. 

We ignore the hve-form flux also we set F — B on the world volume to zero The 
fermion bilinear term of the action then takes the form 

s(e") = -,.3 / 

+ + eryeF^,./ . (56) 

In this equation 0 is a Weyl fermion of S'0( 10) but 0 actually stands for 0 ^ 7 °, as was 
explained above. We see that the flux gives rise to mass terms for the fermion 0. 

The flux, Eq.(54) does not £x all the Kahler moduli. With the choice, 

3 

ds^ = Y, rldz^dz^ (57) 

a=l 

it is easy to see that the Kahler moduli r^, contribute an overall multiplicative factor 
to the mass terms above. Since onr main goal is to connt the zero modes here, we will 
work with = 1 below. 

Now let us write the mass terms above as, 

^(0') = y / d"ey^0M0 , (58) 

where the matrix M is determined by the flux. We are interested in the number of zero 
modes of M. 

As we discuss in Appendix A. 6 , it is convenient to work in the following basis for 
the analysis. Label the 16 components of 0 as |ei, 62 , 63 , a > where e* = ±1, i = 1, • ■ ■ 3 

^For the flux, Eq.(54), we can work in a gauge where the two-form RR gauge potential (7(2) has 
non-zero components, C(2)x'^x3, (7(2)yij/3. Since the brane extends along, x^, y^, y'^, there is then no 

source term for F — B on the world volume and setting it to zero is consistent with the equations of 
motion for the world volume gauge field. 
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( 59 ) 


refer to the eigenvalues of respectively®. E.g., 

r^^^^|ei,e 2 ,e 3 ,a >= iei|ei, 62 , 63 , a > . 

And a = ±1 is an extra label (The S'O(IO) rotation group has a S'0(4) x SO{Q) 
subgroup where the AO( 6 ) refers to the compactihed directions. The label a refers to 
the AO(4), it takes only two values because the ten dimensional chirality is hxed.). 
Now it is easy to see that M acts on the state, |ei, 62 , 63 , a >, as follows, 

2 

m r^'^"^"|ei,e 2 ,e 3 ,a >, (60) 

= ^ (73 + ieie 2 ) _ 2 _ g-f hi+^ 2 ) _ g-f (€ 2 + 63 ) 

_ g-fhs+^i) ^g-fei ^g-fe 2 ^g-fesj _^^g^g 2 ('X+ . (61) 

''1 ''2 "'3 

Our notation for the matrix y y is dehned in Appendix A. 6 . We note here that 
y y Y = —I and thus T^ ^ ^ |ei, 62 , 63 , a > cannot vanish. This means that the rhs 
of eq.(60) can vanish only if m vanishes. 

It is easy to see from eq.(61) that this happens when when ei = €2 = 63 = 1 or 
when 63 = —l,ei = ± 1,62 = ±1- As discussed in Appendix A. 6 , these are the choices 
of 61 , 62,63 for which m vanishes. Since a in addition can take values ±1, we get ten 
zero modes in all. 

This example illustrates the fact that fluxes can lift zero modes, although in this 
case we see that the remaining number is still too large for a contribution to the 
superpotential. 

5.3 Discussion 

The analysis of zero modes in [3] cannot be directly applied to the example above, since 
the M-theory lift of the T®/Z 2 orientifold is a space of reduced holonomy. Still, an 
analogous index can be dehned in this example. The 17(1) symmetry here corresponds 
to rotations in the plane formed by the x^,y^ directions. The 17(1) charge of a zero 
mode is therefore simply 63 . The graded index is then, 

X = E(-1)‘’. (62) 

where the sum is over all the fermionic zero-modes. In the absence of hux, there are 8 
zero modes with 63 = ±1 and 8 with 63 = —1 so this index vanishes. 

®Here the ‘' ’ indicates that we are in the vierbein basis. 


where, 

m 


Af| 6 i, 62 , 63 , a >— 
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We see from Eq. (54) that the three-form fluxes H, F have two legs along the divisor 
and one normal to it, and so break the U{1) symmetry. From the above discussion of 
the number of surviving zero modes we see that after the flux is turned on y = —3. In 
the more generic case of a Calabi-Yau space with flux also one expects that the index 
can change after incorporating flux. Evidence for this was already found in [4] for the 
case of M theory on K3 x K3. There it was argued that for a divisor of the form 
K3 X P^, zero modes coming from h(2, 0) of the divisor, which have the same U{1) 
charge, pair up amongst themselves and get heavy. 

After turning on the flux, Eq.(54), M = 1 supersymmetry is left unbroken in the 
resulting vacuum. The D3 brane wrapping the divisor breaks some of these supersym¬ 
metries, and this gives rise to some zero modes in the D3 brane world volume theory. It 
would be helpful to know which of the zero modes we have found above are related to 
the breaking of supersymmetry. We have not analysed this question in detail and leave 
it for the future. Let us note in passing here that the conditions for supersymmetry 
imposed by the D3 brane are independent of the three-form flux. In the absence of 
flux, half the supersymmetries are left unbroken by the D3 brane wrapping a divisor, 
this suggests that two of the four supersymmetries are broken by the D3 brane, and 
two of the ten zero modes are due to this partial breaking of supersymmetry 

We have focussed on a specihc divisor above, = c. The case when is 
replaced by Z^,Z^ gives the same zero-mode count due to the symmetries of the 
flux, Eq.(54). Also in the discussion above we have excluded some special values, 
c = 0, l/2f, 1/2,1/2(1 -|- i). The divisors for these values of c are special. The Z 2 orien- 
tifold symmetry relates points on the divisor to each other in these cases so the divisors 
are “half-cycles”. Starting with a situation where the brane is away from one of these 
special values of c we can continuously move it to the special values. The brane and its 
image under the Z 2 orientifold symmetry come together then. Since the brane can be 
moved continuously in this way we do not expect the number of zero modes to jump. 
A more interesting possibility is that of a brane without its image wraping one of these 
special divisors. This would be the analogue of a fractional brane. We have not fully 
explored this interesting case yet and hope to return to it in the future. 

A more general divisor has the form, njZ* = c. As discussed towards the end of 
Appendix A.6 , upto an overall rescaling of the mass matrix, the analysis for the more 
general divisor can be mapped to the case where one of the three coordinates, Z^, Z^ 
or is a constant. Thus the discussion above applies and we learn (again with the 
possible exception of some special values of c) that for the case of a more general divisor 
as well there are four fermion zero modes. 

Finally, the zero modes we have found are constant spinors which are zero modes 

^We are grateful to Rudra Jena for a discussion in this regard. 
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of the mass matrix, eq.(58). They are therefore zero modes of the Dirac operator, 

PQ + ^M0 = 0, (63) 

since both term above vanish seperately acting on the zero modes. One could ask if 
there are additional non-constant zero modes of the Dirac operator Under a rescaling 
of the volume of the internal space, gmn ^^9mn (where now m, n take values only 
over the six internal space directions) one finds that p ^ ^ p while M Thus 

at large volume the hrst term, pQ, is much more important and our approximation of 
starting with constant spinors and seeking zero modes of M amongst them is justihed. 
Additional non-constant zero modes of the Dirac operator eq.(63) can be found in 
this example, but in agreement with the argument just mentioned they always occur 
at a volume of order the string scale. For such small volumes the a' corrections are 
important and the analysis is not trustworthy 

6 Conclusions 

In this paper we have used the method of gauge completion and determined the fermion 
bilinear terms in the world volume action of a D3 brane in the presence of background 
flux. Our results are summarised in Eq.(38) and Eq.(39). These results have been 
previously obtained by Marolf, Martucci and Silva using somewhat different methods. 

The fermion bilinear terms are of interest in calculating instanton corrections to the 
superpotential in flux compactihcations. They are also of interest in determining soft 
susy breaking terms that can arise in flux compactihcations. 

For a Euclidean D3 brane wrapping a divisor in a six dimensional compactihcation 
these results explicitly show that the U{1) symmetry of rotations normal to the divisor 
is broken in the presence of three-form hux. In an exploit example of a IZ 2 compact¬ 
ihcation with three-form hux we have calculated the fermion mass terms and shown 
that some zero modes are lifted due to the hux. 

There are several directions of future work. One would like a better understanding 
of supersymmetry in this context. This is connected to the number of zero modes in 
the world volume of the D3 brane. More generally, one would like to use our results 
to calculate the instanton corrections in situations where they can arise. Even in the 
simple example studied here, of a jZ 2 compactihcation, our analysis is not complete 
and the case when the D3 brane wraps a half-cycle needs to be understood better. 

We hope to return to these questions in the future. 

®We thank Renata Kallosh for a discussion of this issue. 

®In other examples of a Calabi-Yau space with large orientifold charge the flux can be bigger and 
it might be possible to have the two terms in eq.(63) comparable to each other when the volume is 
bigger than the string scale. 
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Appendix 

Our conventions are as follows. 

Superspace coordinates are denoted by = [x^, 6'^), which stand for the bosonic 
and fermionic components respectively. Curved space indices are given by {M, N, ■ ■ ■} = 
{m, n, ■ ■ ■, fi,u, ■ ■ ■} where (m, n) denote Bosonic indices and (p, u) fermionic indices. 
Tangent space indices are given by {A, 5, • • •} = {a, 6, • • •, a, /?, ■ ■ ■}, with (a, h) denot¬ 
ing bosonic and {a, j3) fermionic indices. 

We will use real 16 component Majorana-Weyl spinors, a convenient basis of gamma 
matrices is given in Eq. (4.3.48), [33], in which T® is antisymmetric and the remaining 
gamma matrices, T*, are symmetric. Since there are two 16 component Majorana-Weyl 
spinors worth of supersymmetries in the IIB theory our spinors will carry an extra 
S'0(2) index. The spinor indices a,/3, should be viewed as composite indices standing 
for the tensor product of a Majorana-Weyl index and this additional S'0(2) index. In 
the formulae below the gamma matrices will act on the Majorana Weyl index while the 
Pauli spin matrices, will act on the S'0(2) index. 

Throughout this paper, we denote antisymmetrisation with unit weight by a square 
bracket. For example, the antisymmetrised product of an antisymmetric rank-two 
tensor Amn with a rank one tensor Bp is. 


2 Ap^B^n AjjipBn\. 


(64) 


There are 3 distinct terms which appear on the rhs as shown. To make it of unit 
weight we divide by the number of distinct terms, which accounts for the prefactor i. 
Finally, T^i-.-mn = r[mi ■ ■ will denote the antisymmetrised product of n Gamma 

matrices. 

A.l Supersymmetry Transformations 

With these conventions, the supersymmetric transformation rules in the string frame 
[34] are given by 


S\ = - ^e*r’"F„X<r^)e - 

+ ie*r>T„Fp(!,72)e - ^r"H,„„ah + 

6(j) = eA 
SC = e-^^ea^X 
Se^^ = 

^B^an ~ (Pmt/’n Pnt/’m) 

^Cmn ~ 6 '^ecT ^T^^A -|- CSBjym 


^°Note that here our normalization for A is different from Ref. [34] 
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^Cmnpq — 6 ) (j^mnpq^ ^lY^^np'^q]^ ~Y QC^rnn^Bpqj . (65) 

Here and are the gauge invariant RR field strengths 

= dC2 - CHs , Fg = dCi -C 2 AHS . (66) 

Using these supersymmetry transformations, in the following sections we will compute 
the the expansion of the superfields Cmn, Cmnpq and e^, up to O(O^), in terms of the 
component fields. 

A.2 Calculation for Cmn 

Following similar steps for the calculation of Bmn in §2.2, here we will carry out the 
expansion of Cmn to 0(6*^). For this purpose, we must supply the superspace gauge 
transformation to 0{6), in addition to the super diffeomorphism (13). 

Let us first evaluate the commutator of two supersymmetry transformations (with 
parameters e^,e^) on the field Cmn- Using Eq.(65) for the supersymmetry transforma¬ 
tion of Cmn we find that 

= e '^€2 ~ 2F[m5lt/’n]) + C5i52Bmn ■ (67) 

Using Eq.(65) once more, it is straightforward to see that the commutator can be 
expressed as a diffeomorphism (with the parameter as given by Eq.(13)), and a 
gauge transformation . In other words 

( 5 i (52 - 525i)Cmn = C^pCmn + Om^Cpn “ On^Cpm + > ( 68 ) 

with the gauge transformation parameter 

= CCmn + e-^e2a'F^ei - C'e2a='F^ei . (69) 

In order to find the gauge transformation parameter, we have to compare Eq.(68) with 
the commutator derived in the superspace formalism. It is easy to see that 

(<5i<52 - S2Si)Cmn = + ■ • • , (70) 

where the dots denote terms arising due to superdiffeomorphism. The superspace gauge 
transformation parameter is given by 

+ dM^2^T) -(1^2) . (71) 

The commutator on component field Cmn will agree with the commutator on the su¬ 
perfield Cmn if the gauge transformation parameter takes the value 

= hr^eCmn + - CC) Tme - (72) 
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The component fields Cm^i and are both zero to leading order and hence the com¬ 
mutator of the two susy on them also vanishes. From this it is easy to see that the 
component vanishes for the case when the the space time fermion backgrounds are 
set to zero. 

Now let us compute the first order expansion for Cmn- Comparing the susy trans¬ 
formation for Cmn from Eq.(65) with the superfield result 5Cmn = we find 

Cmn = Cmn + 6 '^9a^ ^F^n-^ ~ 2F[mt/’n]) + 2C'0F[mt/’n] • (73) 

The expression for Cmn can similarly be derived. Using the expression for the gauge 
transformation (72) the superspace variation for Cm^i can be written as 

SCmii = CdaCmii ~ xC ^ ^ecT^Fml + —C feu^Fm] . (74) 

Since the component field susy transformation 5Cm^i = 0, the r.h.s. of Eq.(74) has to 
be equated to zero. This gives the expression 

Cm^. = \e-^ - \c [ea^Tm)^ • (75) 

With the help of this equation and the gauge transformation (72), we can write down 
the variation of the superfield Cmn up to 0{6). 

SCmn = CdaCmn “ 20 F \mdn](^ + 9 - CcT^) F“e(9[men]a 

- ^eTWF,mn + {e-'f>ea^T[m9dn](j) + ea^T[m9dn]C) . (76) 

On the other hand, we can use Eq.(73) for Cmn to arrive at 

5Cmn = SCmn + e~'*'9a^ (TmnSX “ 2F [mS^|Jn]) + 2C0F [mS'lpn] ■ (77) 

These two variations must be the same. When we plug in the susy transformations 
for ipm and A from Eq.(65), we find that they will match up only when Cmn has the 
following expression to second order in 9: 

Cmn = Cmn + e~‘^9(J^ (F^„A - 2F[^^n]) + 2C0F ^m'tpn] + ^e~‘^9a^Tmnp9d^(l) 

+ (e-7u^ - Cu3) (F.-... - F.-...) 0 + I 0 (u3 - r_0F^ 

+ ^-e-^9{ia^)T^9Hmnp + ^e-‘^9{ia^)Tmn^‘^^9H^,r - \c9T^m^m^^^^9 

- - ^Ce70(.a2)F^0F;„^ - ^Ce70(.a2)F_^''^0F;, 
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{<T^ + ceV) + 2 or«-'F;„^^) e ^ 


(78) 


A.3 Calculation for Cmnpq 

Let us now turn to Cmnpq- The calculation is pretty much the same as the previous 
ones for Bmn and Cmn- We will hrst evaluate the gauge transformation parameter 
Tjmnp from the commutator of two susy transformation on the component held 6*4 and 
then use this information to derive the 0{6‘^) expression for the superheld ( 74 . From 
Eq.(65) we hnd 

^1^2Cmnpq ~ 6 ) ^T mnpq 5l\- AT[mnp5li)q^ + 12€2(7^C[mnTp5li)q\ . (79) 

After some straightforward calculation, the commutator of two susy transformations 
can be written as 

((5i(52 — 525i)Cmnpq = ^2 (—4e + 4(J^F[mF)(pq] 

+ 4(T^F [niHnpq] + 6C[m-nJ'°‘Hpq]a^ 64 . (80) 

This is equal to a diffeomorphism with diffeomorphism parameter as given in 
Eq.(ll), and a gauge transformation 

with the gauge transformation parameter ^3 having the expression 


^mnp € '^ 62 (icr ^^rnnp^l esU^Fpjei . 


Now we can evaluate the commutator on the super held C4, 

{8182 - 8281)0^ = d + ... _ (82) 

Here again the dots denote the superdiheomorphisms. The gauge transformation pa¬ 
rameter can be written in terms of components as 

^MNP = + 3(9[MEf Siatpjq) — (1 2) . (83) 

Comparing the two commutators we can easily solve for the gauge transformation 
parameter Ti^np fo obtain 

1 - 1 - 3 - 

^mnp = -^dV’^eCmnpq + mnp^ ~ ^C[mn^<^^rp ]6 . (84) 

All the remaining components of 12mnp will be zero. 
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We now need to evaluate the expressions for Cmnpq and C^mnp to 0{9). It is easy 
to see that the variation SCmnpq = ^^daCmnpq, and the susy transformation for Cmnpq 
from Eq.(65) gives 

Cmnpq Cmnpq 6 ^9{i(J ) A - 4r [mnpi^q] } + 129 C[mn^p^^q] ■ (85) 

Using the expression for the gauge transformation (84), we can obtain the variation 
SC^mnp- Since C^mnp vanishes to leading order, this variation has to be set to zero. As 
a result, we get 


3 - 

--e”* + - (C[,„„9(T®rp|) . 


( 86 ) 


It is easy to see that all the remaining components of Cmnpq vanishes. Now we are 
ready to execute the second order results.Using the above expression for C^mnp and the 
expression for the gauge transformation parameter from Eq.(84) we hnd the variation 


of Cmnpq to be of the form 




_l_ _ AIT Af) c'^C 

^^mnpq ^ ^a^mnpq “T ^ aranpq “r ^anpq] 

+2d[m (e"'^i9(i(T^)r„pg]e) - 6d[m . 

After substituting the expression for and making some rearrangement we get 

1 . 


(87) 


6C 


mnpq ^ ^aCmnpq 4 “ 2 ^^ *^(^7 


amnpq 


— 4:H[mnpCq]a) + 29e (T E[mCiE, 




[m^-^npq] 


+4:dime°‘Canpq] + 29 {d[m (e 7(io-^)r„pg]e) - 3C[„p<9m - E[(„„pa^rg]e}(88) 

We can also obtain the variation from Eq.(85) for the expansion of Cmnpq to 0{9): 
SCmnpq ^Cmnpq “t“ 0 ^0(^i(T ") ^^mnpq^^ j- -|- \29(J Cymricp^'4^q\ • (89) 


These two expressions must agree. This can be used to solve for Cmnpq to second order 
in 9 to obtain 

Cmnpq Cmnpq T ^ ^9{i(T ) ‘^E^^jp^A 4E[j^„p'^q] T \29(J C*[mnrp'^q] 

+ C‘*'9{ia‘^)Tab[mnp^qf’'9 + 3e~'^9{ia^)ripUqmn]9 + ^e~'*'9{ia‘^)Tmnpq^ds(j)9 

+ ^e-‘*> 9 a^Tmnpq^'^Hstu 9 + ^ 9 a^Tmnpq^'^F',J + ^ 9 T[mnpFq ]9 
3° _ 3 „ 1 


-9a^r[mnF;^^^9 + -e-^9a%mnHpq],9 - 

. 3.,^ .,3 


[mnp 


q]stuv^ 
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T^stu rp/ 


+ 20 ^P'?] 


stuvw p/ 

stuvw 


9 . (90) 


A.4 The Supervierbein 

Finally we come to the computation of the vierbeins. A similar calculation can be 
performed in this case also. Note that in addition to the superdiffeomorphism, here 
we have to consider the (super) local Lorentz transformation (3). Let us first compute 
vierbeins to 0{9). Equating = €“(9^6^ with 56^“ = eF'^'^m we hnd 


= Cr 


+ 


(91) 


Similarly we can compute e“ to 0{6). using the value of S™ from Eq.(13) we hnd, 

i; = -i (9r“)^ . (92) 

To obtain the Lorentz transformation parameter to 0{6), we need to compute the 
commutator of two supersymmetry transformations on the vierbein 6^“. This can be 
easily computed using the susy transformations (65). After some simplihcation, we get 

+ ^«^S.r“’””‘,„(i<r")F;,„,€2 + . (93) 

The above equation can be written in the following simple form 

( 51(52 - 525 i ) = CdnCm^ + + y^^emb , ( 94 ) 


provided the translation parameter is given in Eq.(ll), and the rotation parameter 
has the expression 

A”" = -rw„“* + i 62 rjff='£,-ie*£ 2 |r“‘>’(iff")Fp+lr“‘"v'F;,, 

+ rjff'F'“’»' + ^r''«™‘(i<T 2 )F;^., + ir„,(*£r'")F'“’«’'|£i. (95) 

In deriving (94) we have used the following identity obeyed by the spin connection and 
the vierbein 


^nb^m ^mb^n T {dm^n ) . (96) 

On the other hand, one can apply the commutator directly on the super vierbein as 
given in Eq.(91). This will be consistent with Eq.(94) if the parameter A“^ takes the 
form 

A“'’(e) = + ^eVpa^eH^^P - \e^e {T‘^^^{i(T‘^)Fp + 

1 4 8 V 0 



+ Fpff’F* + £ . (97) 

Now we are ready to compute the 0{6^) part of the super vierbein. Consider the 
variation 


= S^5pC + '9„^S^e?, + A“^e^P 

= - dmel) + eV^dme + . (98) 

It should be equated with the variation coming from Eq.(91), 

= + , (99) 

from which it follows that 

(9„e^“ - 9^e„“) . (100) 

Here the prime indicates the absence of from susy variation of the gravitino. Again 
using the formula for the supersymmetry transformations (65), the above expression 
can easily be integrated. The super vierbein, up to 0(0^), takes the form 


c = em^ + 9T^iJm-lu;mcd0r^^o + ^e^e{ta^){r^F^ + r‘^F^-s:,rPFp)e 

8 16 

- + ^e*S (r“WF;„ + r.„„F'“”) tr‘0 

+ (*££")« , (101) 

A.5 T-duality 

It is in fact possible to obtain the D3 brane action, starting with DO brane action 
and performing three T-dualities (say, along x,y,z). For simplicity, we assume the 
metric to be diagonal along the directions on which we perform T-duality. Also we set 
Bxi = 9 x 1 = ^ (and similar relations for y and directions). Here we summarize the 
rules for T-duality along the direction x. See [10,11,35-38] for the T-duality rules in 
presence of more general background. 


Qxx — . 

Jxx 

9i~j — Tij 

6^^= — 
Jxx 

H = n 

Bn(x) 
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^{n+l){x) 

7"" = 7x 
7 * = 7 *. 


(102) 


Here we follow the notations of Ref. [38]. In particular, are gauge invariant RR field 
strengths and also Fn(x) denotes an (n — 1) form whose components are given by 



— 1 


[Fn 


(103) 


A.6 The Mass Matrix 

In this section we will evaluate the fermion bilinear term due to the three form 
flux when the three brane wraps a divisor of T®. Here we will use the coordinates 
{x\ y^, j = 1, • • •, 3 to parametrize the spatial directions of the torus and {x\y^} for 
the corresponding tangent space indices. Now consider the relevant part of the action 
as given in Eq.(56): 

S(e2) = -ii, I d‘ce-^v^0^r" e 

+ * 5 ! / + ry'-^h) e ■ (io4) 

Here note that the hrst term in the second line vanishes for the case when the flux is 
turned on only along the compact directions. As a result we get 

S(e") = (e-* + ^€'»'rjfq,p) e , 

(105) 

In the following we will hrst consider the case when the three brane wraps the divisor 
= constant and concentrate ourselves to the choice of hux as given by Eq.(54). The 
above action can be rewritten as 

^( 0 ') = ^ / , (106) 

with the matrix M dehned to be 

M = , (107) 

The index p now take value only along directions orthogonal to the divisor. 

It is convenient to choose a basis, where the components of 0 are labelled as 
|ei, 62 , 63 , a >, where Cj = ±1, j = 1, • • •, 3 refer to (—i times) the eigen values of 
respectively^^. The label a = ±1 refers to the ^(^(d) subgroup of the rotation group 

^^Here and in the following, the repeated index j in as well as in does not indicate 

a summation over j. 
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S'O (10). Before proceeding, let us note here that from the commutation relations for 

■'1 -'2 -'3 ''1 •'2 •'3 

the r matrices it follows that ^ ^ squares to —1 and as a result, ^ ^ |ei, 62 , € 3 , a > 
can never vanish. 

We will now evaluate the matrix, M, Eq.(107), in this basis. We start with the hrst 
term, which arises from the DBI term. From Eq.(54) it is easy to see that 

it takes the form. 


Mdbi — e 


1 9 

Y'X X ^ 


1 9 ^ 9^1 X 1 9 1 9 X 

_ ^Y'V y y _ x^y _|_ Y'X'^x y _j_ Y'X x y^^^ 


_l_ ^y y^^ ^ + Y^ y 


(108) 


Here we note that the indices refer to the coordinate basis, which is different from the 
vierbein basis. 

The metric, with in Eq.(57) set to unity takes the form 


ds^ = 'Y 

i 


(109) 


27ri 

where r = e 3 , 


A convenient choice of vierbeins is then 


efi = 1, e^i = 0, efi = cos(27r/3), = sin(27r/3) . (110) 

The T matrices in the vierbein basis and the coordinate basis are related to each other 
by 

px* _ _ cot(27r/3)r^‘ , Vy' = cosec(27r/3)r^‘ , 

T^i = , Vyi = cos(27r/3)r^‘ + sin(27r/3)r^‘ . (Ill) 

In particular one hnds that (T^*)^ = cosec^(^) = |. After some more algebra we can 
then write Mdbi as. 


Mdbi — e 








firil 99 XX 

_l_ _ Y^ rv rx^’pj/"' 

^ 4 L 


l.^,,2.^,,3 


— 2 > r^' 


( 112 ) 


From Eq.(lll) we get that 

(^Tx'r^*^ |ei, 62 , 63 , a > = cosec 


/27r 


= cosec 


V 3 
/27r 


/27r 

VT 


V 3 


T^ y - cot 
e 3 ^*|ei, 62 , 63 , a > 


hi, 62 , ^ 3 , a > 


It then follows that Mdbi acting on the state |ei, € 2 , 63 , a > is 


MdbiI^i, 62 , 63 , a >— ( - ) AI T^ ^ ^ |ei, € 2 , € 3 , a > 


(113) 


(114) 
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where, 


M 


|g~'x('=l+^2+e3) _ 2 _ g~'Thl+'^2) _ g—■^(e2+e3) 

i7T / , \ iTT i7T ITT 

e 3 h 3 +ei) _j_ g 3 *^1 + e 3 ^ + e s'^sj _ 


(115) 


Similarly we can evaluate the second term in Eq.(107) which arises due to the WZ 
terms, 

Myv2 = y5“r|.(ni, - . (116) 

Here p takes values only over directions orthogonal to the divisor. It is easy to see that 
with an appropriate choice of orientation for the divisor 

^ 2 , ^ 3 , a >= eie 2 r^^'|ei, 62 , 63 , a > . (117) 

Thus, 

62 , 63 , a >= ieie 2 r^*'^(F^;y, — Ci7^;-p)|ei, 62 , 63 , a > . (118) 

A little more algebra then shows that this can be written as. 


4i 


Mwz\^i, € 2 , € 3 , a >— —eMM + l + e-^ 




Cl, € 2 , 63 , a > 


(119) 


Adding, Eq.(114), Eq.(119) we hnally get that M acting on |ei,e 2 ,e 3 ,a > is given by, 
Eq.(60). 

■'1 '■2 •'3 

As discussed above T^ ^ ^ |ei, 62 , € 3 , a > cannot vanish. Thus the zero modes of M 
can only arise if m, eq.(61) vanishes. A quick inspection shows that this happens when 

a) ei = 62 = 63 = 1 

b) = €2 = ± 1 , 63 = —1 

c) ei = -62 = ± 1,63 = -1 

Thus these values of (ei, 62 , 63 ) give rise to zero modes. Also m does not vanish for 
any other choice of ( 63 , 62 , 63 ). Therefore there are no other zero modes. Einally, one 
also hnds that the two states 163 , 62 , 63,0 > and 163 , 62 ,- 63,0 >, which are related by 
U{1) rotations in the plane, have a different mass in general. This is to be 

expected since the U{1) symmetry is broken by the flux as discussed in section 5. 

Let us also now briefly discuss the case of the more general divisor njZ® = c. By 
relabelling the Z* coordinates if necessary we can always take 7 ^ 0. In this case it 
is useful to choose coordinates, tjj^, , tjj^ which are related to the coordinates Z* as 

follows: 


= nl^jJ^ + n3^jJ^ 

opposite choice of orientation corresponds to a negative sign on the r.h.s below. This still gives 
the same number of zero modes. 


32 



= n2ip^ + 

= —ni'^^ — n2ip‘^ + ns'^^ . 


(120) 


are parallel to the divisor and is orthogonal to it. The divisor in these 
coordinates can be written as = constant. The flux G = F — can be expressed 
as 

G = const{dil)^ A dtp"^ A dp)^ + dtp"^ A dip^ A dip^ + dip^ A dtp^ A d'tp"^) (121) 

Upto a constant this is exactly the form of G in the Z® coordinates. A further change 
of variables, 

= \lnl + nlip^ + + nlp)"^ 

^2 = + nfV’^ - ^nl + nlp)"^ 

, ( 122 ) 

preserves the form of G, Eq.(121). It also allows the metric to be written in diagonal 
form as, 

ds^ = '^r‘l\d'ip'^\^. (123) 

i 

This is the same as the metric in the Z* coordinates we considered Eq.(57). Thus the 
analysis for the general divisor maps after a change of coordinates to the case = c. 
And we learn that for a general divisor also there are ten fermion zero modes. 
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